Let n ≥ 2 be an integer. The complete graph K n with a 1-factor F removed has a decomposition into Hamilton cycles if and only if n is even. We show that K n − F has a decomposition into Hamilton cycles which are symmetric with respect to the 1-factor F if and only if n ≡ 2, 4 mod 8. We also show that the complete bipartite graph K n,n has a symmetric Hamilton cycle decomposition if and only if n is even, and that if F is a 1-factor of K n,n , then K n,n − F has a symmetric Hamilton cycle decomposition if and only if n is odd.
Introduction
Let n > 2 be an integer. The complete graph K n has many Hamilton cycles and, since its vertices have degree n − 1, K n has a decomposition into Hamilton cycles if and only if n is odd. Suppose that n = 2m + 1. The familiar Hamilton cycle decomposition of K n , referred to as the Walecki decomposition in [1] , is a symmetric decomposition in that each Hamilton cycle H in the decomposition is symmetric in the following sense. Let the vertices of K n be labeled as 0, 1, 2, . . . , m, 1, 2, . . . , m. Then each H is invariant under the involution i → i where i = i; the vertex 0 is a fixed point of this involution. A symmetric Hamilton cycle decomposition of K n different from Walecki's is constructed in [1] . Now suppose that n is even. Removing the edges of a 1-factor F from K n results in a graph K n − F each of whose vertices has even degree n − 2. The graph K n − F does have a decomposition into Hamilton cycles (see e.g. page 20 of [5] ). In Theorem 2.11 of [3] , the complete solution to the problem of decomposing K n − F into cycles of given uniform length is given; if the obvious necessary numerical conditions are satisfied, a decomposition exists.
The degrees of the vertices of the complete bipartite graph K n,n equal n, and K n,n has a decomposition into Hamilton cycles if and only if n is even. If n is odd, removing a 1-factor F of K n,n results in a graph K n,n − F with all vertices of even degree n − 1, and K n,n − F also has a decomposition into Hamilton cycles. An easy way to get these decompositions is to use the bi-adjacency matrix which for K n,n is the n by n matrix J n of all 1s and for K n,n − I n is J n − I n . If P n is the full cycle permutation matrix of order n, then J n = (I n + P n ) + (P 2 n + P 3 n ) + · · · + (P n−2 n + P n−1 n ) (n even), and J n − I n = (P n + P ) (n odd correspond to Hamilton cycle decompositions of K n,n for n even and K n,n − F for n odd.
Let n = 2m be an even integer with m ≥ 1. Consider the complete bipartite graph K n,n with vertex bipartition into sets {1, 2, . . . , n} and {1, 2, . . . , n}. By a symmetric Hamilton cycle in K n,n we mean a Hamilton cycle such that ij is an edge if and only ifīj is an edge. Thus a Hamilton cycle in K n,n is symmetric if and only if it is invariant under the involution i → i. A symmetric Hamilton cycle decomposition of K n,n is a partition of the edges of K n,n into m symmetric Hamilton cycles. Now let n = 2m + 1 be an odd integer with m ≥ 1, and consider the 1-factor F = {11, 22, . . . , nn} of K n,n − F . A symmetric Hamilton cycle decomposition of K n,n − F is a partition of the edges of K n,n − F into m symmetric Hamilton cycles.
Let 2m be an even integer where m > 1. Consider the vertex set of the complete graph K 2m to be {1, 2, . . . , m} ∪ {1, 2, . . . , m} where F = {11, 22, . . . , mm} is a 1-factor of K 2m . The edges of K 2m − F are naturally partitioned into the edges of K m on {1, 2, . . . , m}, the edges of K m,m − F , and the edges of K m on {1, 2, . . . , m}, We denote the complete graph on {1, 2, . . . , m} by K m . We abuse terminology and write this edge partition as
By a symmetric Hamilton cycle of K 2m − F we mean a Hamilton cycle such that 1. ij is an edge (in K m ) if and only if i j is an edge (in K m ), and 2. ij is an edge (in K m,m − F ) if and only if ji is an edge (in K m,m − F ).
Thus a Hamilton cycle of K 2m −F is symmetric if and only if it is invariant under the fixed point free involution φ of K 2m − F where φ(a) = a for all a in {1, 2, . . . , m} ∪ {1, 2, . . . , m} and a = a. A symmetric Hamilton cycle decomposition of K 2m − F is a decomposition of K 2m − F into m − 1 symmetric Hamilton cycles. Thus φ is a nontrivial automorphism of K 2m − F which acts trivially on the cycles in a symmetric Hamilton cycle decomposition of K 2m − F . Moreover, if each Hamilton cycle is partitioned into two 1-factors giving a 1-factorization F of K 2m − F , then φ acts as a fixed point free involution of F. If we let F equal F with the 1-factor F included, then F is a 1-factorization of K 2m and φ acts as an involution of F with F as the unique fixed 1-factor. As illustrated in [5] , many of the known 1-factorizations of K 2m are rigid in the sense that they admit no nontrivial automorphisms. In [2] necessary and sufficient conditions are given for the existence of a Hamilton cycle decomposition of K n that is invariant under a cyclic permutation of the vertices. A symmetric Hamilton cycle of K 9,9 −F is illustrated in Figure 1 . Since this cycle has no edges in K 9 and K 9 , it is also a symmetric Hamilton cycle of K 18 . A symmetric Hamilton cycle of K 18 − F which is not also a symmetric Hamilton cycle of K 9.9 is illustrated in Figure 2 .
Again let m > 1 be an integer. As already noted above, the vertices of K 2m all have odd degree 2m − 1, and hence K 2m does not have a Hamilton cycle decompositton. A double cover of K 2m by Hamilton cycles is a collection C 1 , C 2 , . . . , C 2m−1 of 2m − 1 Hamilton cycles such that each edge of K 2m occurs as an edge of exactly two of these Hamilton cycles. Note that the sum of the number of edges in these Hamilton cycles equals
twice the number of edges of K 2m , and this also equals half the number of edges of K 4m −F .
Complete Bipartite Graphs
To simplify our presentation, we usually identify a cycle with its set of edges.
We first show that a complete bipartite graph of even order and a complete bipartite graph of odd order with a 1-factor removed have a symmetric Hamilton cycle decomposition. In Figure 3 we show a symmetric Hamilton cycle decomposition of K 6,6 . Proof. We consider the complete bipartite graph K 2m,2m with vertex bipartition {1, 2, . . . , 2m} and {1, 2, . . . , 2m}.
Let the sum of edge ab be a + b modulo 2m. Let S k be the set of edges whose sum is k. Let i be an integer with 1 ≤ i ≤ m. Consider the union S 2i−1 ∪ S 2i . Observe that this collection of edges yields the following symmetric Hamilton cycle of K 2m,2m :
Note that H i contains the edges ii and (m + i)(m + i). The distance from i to m + i in H i is m, exactly half the total number of edges. A similar conclusion holds for i and m + i. Assume that the cycle H i is not as shown in Figure 4 , and thus that H i has the form shown in Figure 5 . Then each of the dashed segments contain m edges, and so H i has 2m + 2 edges, a contradiction. Therefore, H i is as depicted in Figure 4 .
We introduce two vertices, called ∞ and ∞, to our graph, one in each part of the bipartition. For each H i , we define H i by removing the edges ii and (m + i)(m + i) and then adding edges involving our new vertices as shown in Figure 6 . Note that H i is a symmetric Hamilton cycle, and the union H 1 , H 2 , . . . , H m is the graph K 2m+1,2m+1 − F . Therefore, we have a symmetric Hamilton cycle decomposition of
The symmetric Hamilton cycle decomposition of K 6,6 constructed in Theorem 2.1 is that illustrated in Figure 3 . The resulting symmetric Hamilton cycle decomposition of K 7,7 − F is illustrated in Figure 7 . 
Complete Graphs Minus a 1-Factor
In order that K n − F have a symmetric Hamilton cycle decomposition, it is necessary that n be even. A symmetric Hamilton cycle decomposition of K 10 is illustrated in Figure 8 . We first consider the possibility of a symmetric Hamilton cycle decomposition of K n −F if n is twice an even number, that is, of K 4m − F for a positive integer m.
We shall make use of the following variant of Hall's marriage theorem (see e.g. Theorem 3.3.1 of [4] ).
Lemma 3.1 Let P = (P 1 , P 2 , . . . , P n ) be a family of sets, and let (p 1 , p 2 , . . . , p n ) be a sequence of nonnegative integers. Then there exists a family (X 1 , X 2 , . . . , X n ) of pairwise disjoint sets with X i ⊆ P i and |X i | = p i for i = 1, 2, . . . , n if and only if
n}).
Next we prove the following three lemmas.
Lemma 3.2 Let m ≥ 2 be an integer, and let C be a symmetric Hamilton cycle of K 2m − F . We then have (i) If a is any vertex of K 2m − F , the distance between a and a in C equals m.
(ii) C is of the form a 1 , a 2 , . . . , a m , a 1 , a 2 , . . . , a m , a 1 , where a i ∈ {1, 2, . . . , m, 1, 2, . . . , m}.
Proof. Let a be a vertex of K 2m − F and let the distance between a and a in C be k. Then there is a path a = a 1 , a 2 , . . . , a k , a k+1 = a in C. Since C is symmetric, a = a 1 , a 2 , . . . , a k , a k+1 = a is also a path in C. Hence C contains a 2k-cycle, implying that k = m. This proves (i). Assertion (ii) is now an immediate consequence. Since the cycle C is given as in (ii), to get from a 1 to a 1 in C we must use an odd number of edges of the form ij. Therefore, because C is symmetric, the number of edges of K m,m − F in C is twice an odd number, and (iii) follows. a 1 , a 2 , . . . , a m , a 1 , a 2 . . . , a m , a 1 where the a i are in {1, 2, . . . , m, 1, 2, . . . , m}. Thus a 1 , a 2 , . . . , a m is a path of length m − 1 in K 2m − F , and a 1 , a 2 , . . . , a m is its "mirror image." The edges a m a 1 and a m a 1 are also mirror images of one another. If we let Proof. There is a Hamilton cycle C in K 2m , and there exist disjoint 1-factors F 1 and F 2 whose union is the set of edges of C. The vertices of the graphs K 2m − be the number of symmetric pairs of edges of C i . Since C 1 , C 2 , . . . , C 2m−1 are symmetric Hamilton cycles, it follows from (iii) of Lemma 3.2 that x 1 , x 2 , . . . , x 2m−1 are odd, and so x 1 + x 2 + · · · + x 2m−1 is odd. Since
it follows that m is odd. Now suppose that m is odd. By Lemma 3.4 there is a double cover C 1 , C 2 , . . . , C 2m−1 of K 2m by Hamilton cycles. Each C i has 2m edges. We show that it is possible to choose a set A i of m edges from the edge sets of each C i in such a way that A 1 , A 2 , . . . , A 2m−1 are pairwise disjoint sets each of cardinality m. By Lemma 3.1 such a choice is possible if and only if for each K ⊆ {1, 2, . . . , 2m − 1}, the union of the C i with i ∈ K contains at least m|K| edges. Since the C i form a double cover and each C i has 2m edges, this union contains at least 2m|K| 2 = m|K| elements. Hence the sets A 1 , A 2 , . . . , A 2m−1 exists. From these sets we can construct a symmetric Hamilton cycle decomposition of K 4m − F as follows.
is a symmetric Hamilton cycle decomposition of K 4m − F .
We now consider the possibility of a symmetric Hamilton cycle decomposition of K n −F if n is twice an odd number, that is, n = 4m + 2 where m ≥ 1. We first show the impossibility when m is odd. Lemma 3.6 Let n = 4m + 2, and assume that K n − F has a symmetric Hamilton cycle decomposition. Then m is even.
Proof. Let C 1 , C 2 , . . . , C 2m be a symmetric Hamilton cycle decomposition of K n − F . As in the proof of Theorem 3.5, let
be the number of symmetric pairs of edges of C i . It follows from (iii) of Lemma 3.2 that x 1 , x 2 , . . . , x 2m are odd, and so x 1 + x 2 + · · · + x 2m is even. Since
it follows that m is even.
We now show that K 4m+2 − F has a symmetric Hamilton cycle decomposition if m is even. We first prove that given a pair of Hamilton cycle decompositions of K 2m+1 satisfying certain properties, we can map each Hamilton cycle of K 2m+1 in these decompositions to a symmetric Hamilton cycle of K 4m+2 − F in such a way that the result is a symmetric Hamilton cycle decomposition of K 4m+2 − F . We then construct a pair of Hamilton cycle decompositions of K 2m+1 satisfying those properties and thus obtain a symmetric Hamilton cycle decomposition of K 4m+2 − F . (ii) For each k = 1, 2, . . . , m − 1, if I and J are k-subsets of {1, . . . , m}, then there exists an integer p ∈ J such that
Then for each integer t with 1 ≤ t ≤ 2m − 1, the union of the edge sets of every set of t cycles in C ∪ D has cardinality at least equal to t(m + 1).
Proof. Let I, J ⊆ {1, 2, . . . , m} with |I| + |J| ≤ 2m − 1, and without loss of generality, assume that |I| ≥ |J|. We now assume that |I| = |J|. Consider first the case that |I| = |J| = m − 1 and without loss of generality assume that I = J = {1, 2, . . . , m − 1}. Using property (i), we see that
Lastly, suppose that |I| = |J| = k ≤ m − 2. By property (ii), there exists j ∈ J so that Proof. We apply Lemma 3.1 to the family of sets (C 1 , . . . , C m , D 1 , . . . , D m ) with sequence of integers (c 1 , . . . , c m , d 1 , . . . , d m ) where c 1 = 1 and c i = d j = m + 1 for each i ∈ {2, . . . , m} and each j ∈ {1, 2, . . . , m}. Consider I and J with I, J ⊆ {1, 2, . . . , m}. If I = {1, . . . , m}, then
If I = {1, . . . , m}, then by Lemma 3.7,
The conclusion now follows from Lemma 3.1.
Lemma 3.9 Let m be an even positive integer. If there exist two Hamilton cycle decompositions C = {C i : i = 1, . . . , m} and D = {D j : j = 1, 2, . . . , m} of K 2m+1 satisfying the hypotheses of Lemma 3.7, then K 4m+2 −F has a symmetric Hamilton cycle decomposition.
Proof. There exist C i ⊆ C i (i = 1, 2, . . . , m) and D j ⊆ D j (j = 1, 2, . . . , m) with the cardinalities as given in Lemma 3.8. We define a map σ from C ∪ D to subsets of edges of K 4m+2 − F in the following manner:
Since C i and D i are Hamilton cycles of K 2m+1 , we know that σ(C i ) and σ(D i ) are either symmetric Hamilton cycles or two disjoint cycles of size 2m. However, since the number of edges in {ab : ab ∈ C i } and in {ab : ab ∈ D i } is odd (namely, 1 or m + 1), the result of this map is, in fact, a symmetric Hamilton cycle decomposition.
It remains to show that there exist Hamilton cycle decompositions of K 2m+1 with the properties in Lemma 3.7. Proof. Let the vertices of K 2m+1 be labeled by Z 2m ∪ {∞} = {0, 1, . . . , 2m − 1, ∞}. Let E i be the set edges ab of K 2m+1 such that a + b ≡ i (mod 2m) where a, b ∈ Z 2m \ {0}. For convenience, let 0∞ = α, and a = 0a, a = a∞ if a ∈ Z 2m \ {0}.
Let σ be the automorphism of K 2m+1 defined by
else.
Note that
Let {C k : k = 0, 1, . . . , m − 1} be the standard Hamilton cycle decomposition W 2m+1 of K 2m+1 (see e.g. [5] ). With these definitions, it follows that
The automorphism σ gives us another Hamilton cycle decomposition of K 2m+1 , namely
For convenience, we will denote this Hamilton cycle decomposition in the reverse order by defining
This gives
Hence we have
Now we consider the pairwise intersections of C k and D j . First assume that m > 2. To begin we note that
otherwise. By examining cases, we determine the other intersections of C k and D j . The following table summarizes when the listed sets are subsets of C k ∩ D j and when the listed elements are contained in C k ∩ D j .
Set or Element
Required Condition (modulo 2m) Equivalent Condition (modulo 2m) With this information, we see that for each k, 0 ≤ k < m,
In addition, because of the above table, we have that
for any k and j. Thus, if j = k and Let k < m. We now claim that if I and J are k-subsets of {0, 1, . . . , m − 1}, then there exists j ∈ J so that
To see this, we first observe that for each j ∈ {0, 1, . . . , m − 1} |D j ∩ C j | ≥ m − 2 and |D j ∩ C j+1 | ≥ m − 2.
(Here C m = C 0 .) Let J = {j + 1 (mod m) : j ∈ J}. Since k < m, we see that |J| < |J ∪ J |. Now suppose the claim is false. Then for each j ∈ J, it must be that j ∈ I and (j + 1) mod m ∈ I, otherwise D j would be the choice which satisfies the claim. Therefore, |I| = |J| < J ∪ J ≤ |I| , which is a contradiction. Hence there must be some j ∈ J which satisfies the claim. Therefore (ii) of Lemma 3.7 is also satisfied.
From the previous lemmas, we obtain the following theorem.
Theorem 3.11
If m is a positive even integer, then K 4m+2 has a symmetric Hamilton cycle decomposition.
In Figure 9 we show the double cover C 0 , C 1 , D 0 , D 1 of K 5 . The bold edges are those selected in Lemma 3.8 to give the symmetric Hamilton cycle decomposition of K 10 illustrated in Figure 8 . Combining Theorem 3.5 and Theorem 3.11, we obtain the following theorem.
